Question Examples from Advance Information for Paper 3 (OCR)

Modulus function

Solve [5x - 2| = —%x + 8. (4 marks)

a On the same set of axes, sketch y =|12 - 5x| and y = -2x + 3. (3 marks)

b State with a reason whether there are any solutions to the equation
[12-5x]=-2x+3 (2 marks)

The function f'is defined by
fix— |3x—a|, xe R.

where a is a positive constant.

a Find ff(-2a). )
b Sketch the graph y = f(x), showing the coordinates of any points where the graph

meets the coordinate axes. 3)
¢ Solve the equation f(x) =x, giving your answers in terms of a. QA3)

a Sketch on the same set of axes the graphs of y = |x| and y= |2x - 3].
b Hence, or otherwise, solve the equation
|x | = | 2x -3 | ;

(a) Sketch and label on the same set of axes the graphs of:

i) y=|x;
(i) y=|2x—4|.

(b) (i) Solve the equation |x| = |[2x —4|.

(i) Hence, or otherwise, solve the inequality |x|>|2x — 4.

(a) Sketch the graph of y = | 2x]|.

©))

“@

(1 mark)
(2 marks)
(3 marks)

(2 marks)

(1 mark)

(b) On a separate diagram, sketch the graph of y =4 — |2x|, indicating the coordinates of

the points where the graph crosses the coordinate axes.
(¢) Solve 4—|2x|=x.

(d) Hence, or otherwise, solve the inequality 4 — |2x|>x.

5 1 o s s
The equation |2x — 11| = 5x + k has exactly two distinct solutions.

Find the range of possible values of 4.

(4 marks)

(3 marks)
(3 marks)

2 marks)
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The diagram above shows the graph of y = f(x), x e R.
The graph consists of two line segments that meet at the point P.

The graph cuts the y-axis at the point Q and the x-axis at the points (-3, 0) and R.

Sketch, on separate diagrams, the graphs of

(@ y=Ifx)
() y=f(=x).

Given that f(x) =2 — [x + 1],

(c)  find the coordinates of the points P, Q and R,

(d) solve f(x)= %x.

Functions: transformations and inverses

M(2,4)

The figure above shows the graph of y = f{x), -5 <x <5.
The point M (2, 4) is the maximum turning point of the graph.

Sketch, on separate diagrams, the graphs of

(@ y=fx)+3,

(b)  y=[fx)],

2

2

3)

O]
(Total 12 marks)

2

2)
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A(3,-4)

The diagram above shows a sketch of the curve with the equation y = f(x), xe R..

The curve has a turning point at 4(3, — 4) and also passes through the point (0, 5).

(a)  Write down the coordinates of the point to which 4 is transformed on the curve with
equation

G0 y=[fe)

(i) y=21(tx)
@

(b)  Sketch the curve with equation

y=1(x)
(€]
On your sketch show the coordinates of all turning points and the coordinates of the point
at which the curve cuts the y-axis.
The curve with equation y = f(x) is a translation of the curve with equation y =%
(¢) Find f(x).
(&)

(d)  Explain why the function f does not have an inverse.
(]
(Total 10 marks)

B3 1)

A(2,0) 3

=v

The diagram above shows a sketch of the curve with equation y = f(x), —1 <x < 3. The curve

touches the x-axis at the origin O, crosses the x-axis at the point 4(2, 0) and has a
maximum at the point B(%, 1).

In separate diagrams, show a sketch of the curve with equation

(@) y=flx+1),
() y=Ifx),

(¢ y=1fx),

marking on each sketch the coordinates of points at which the curve
(1)  has a turning point,

(i)  meets the x-axis.

(©)]

3

(O]

(Total 10 marks)
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(-0.5,-2) (0.4,-4)

The diagram above shows a sketch of part of the curve with equation y = f(x), x € R.

The curve has a minimum point at (0.5, —2) and a maximum point at (0.4, —4). The lines x = 1,
the x-axis and the y-axis are asymptotes of the curve, as shown in the diagram above.

On a separate diagram sketch the graphs of

@ y=lfwl,
“@
®) y=fx-3),
(O]
(c) y:f(|x|)4
“

In each case show clearly

(i)  the coordinates of any points at which the curve has a maximum or minimum
point,

(ii)  how the curve approaches the asymptotes of the curve.
(Total 12 marks)

,
r 4 T(3,5) .'
T /
/

2+ [ ~—

[ §(7,2)

'4

|

,' } , >
0 | 3 7 x

!

|

The figure above shows the graph of y = f (x), 1 <x<9.
The points 7(3, 5) and S(7, 2) are turning points on the graph.

Sketch, on separate diagrams, the graphs of
(@ y=2flx)-4,
®  y=[f@)

Indicate on each diagram the coordinates of any turning points on your sketch.

(©)]

3

(Total 6 marks)
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The diagram above shows a sketch of the curve with equation y:i, x#0.
X

(a)  On a separate diagram, sketch the curve with equation y:%, x#-2, showing
x+

the coordinates of any point at which the curve crosses a coordinate axis.

(©)]

(b) Write down the equations of the asymptotes of the curve in part (a).
2)
(Total 5 marks)

The diagram above shows a sketch of the graph of y = f(x).

The graph intersects the y-axis at the point (0, 1) and the point A(2, 3) is the maximum turning
point.

Sketch, on separate axes, the graphs of

(i) y=f+1,

(i) y=fx+2)+3,

(iii) y=2f(2x).

On each sketch, show the coordinates of the point at which your graph intersects the y-axis and

the coordinates of the point to which 4 is transformed.
(Total 9 marks)

2x+5 1
x+3 (x+3)(x+2)

fx) = >-2.

(a)  Express f(x) as a single fraction in its simplest form.

©)
1
(b)  Hence show that f(x) =2 — , x>-2.
x+2
(6]
1 . . :
The curve y= —, x>0, is mapped onto the curve y = f(x), using three successive
X
transformations 7, 7, and 73, where T and T3 are translations.
(¢) Describe fully T, T, and T5.
O]

(Total 11 marks)
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The diagram above shows a sketch of part of the curve with equation y = f(x).

The curve has a maximum point (-2, 5) and an asymptote y = 1, as shown in the
diagram.

On separate diagrams, sketch the curve with equation

(@ y=1f(x)+2

2
(b) y=4f(x)

(2
(© y=flx+1)

3

On each diagram, show clearly the coordinates of the maximum point and the equation
of the asymptote.

f:x—>2+logyx, xe R, x>0.
Evaluate ff(1).
Solve the equation f(x) =0.

=2

Find the inverse function f ™' (x).

[}

The function fis given by
fix— e =3, xeR.
a Find f '(x) and state its domain.

b Sketch the curve y =f~'(x), showing the coordinates of any points of intersection
with the coordinate axes.

The function g is given by

g:x—>Inx+5), xe R, x>-5.
¢ Evaluate fg(4).
d Solve the equation f~'(x) = g(x).

The functions fand g are defined by
f:x—>x*+4, xe R,
g:x—2x— l, xe R, x#0.
X
a Evaluate gf(-2).

b Find and simplify an expression for fg(x).
¢ Find the values of x for which fg(x) = 5.

€)
@)
3)

2
©)]
(C))

“)

©))

@)
“)
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The functions fand g are defined by
f:x—>hk+2, xeR,
g:x—>x-3k xe R,
where k is a constant.

a Find expressions in terms of & for

i '),

ii fg(x). “)
Given that fg(7) =4,
b find the two possible values of k. A3

The function f is defined by
x+b
x+a

f:x— ,xe R, x#2.

a State the value of the constant a.
Given that f(6) =4,
b find the value of the constant b,

¢ find f7!(x) and state its domain.

The functions f and g are defined by
fixo>x*-3x, xeR, x> 14,
g:x—>2x+3, xe R.
a Find, in the form f™':x — ..., the inverse function of f and state its domain.
b On the same set of axes, sketch y=f(x) and y=f"'(x).
Given that f'g(12) = a(1 + 4/3),

¢ show that a=17.

fix—>2+logyx, xe R, x>0.

a Evaluate ff(1). 3)
b Solve the equation f(x)=0. ?2)
¢ Find the inverse function f ™' (x). A3
VA
y=1(x)
ol /(2,0 "
(0,-3)

The diagram shows the graph of y = f(x) which meets the x-axis at the point (2, 0) and
the y-axis at the point (0, —3).
a Sketch on separate diagrams the graphs of

i y=lwl,

i y=f"(x). @
Given that f(x) is of the form f(x) = axt + b, xeR, x20,
b find the values of the constants a and b, A3

¢ find an expression for f 7'(x). A3
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The functions f and g are defined by
f:x—>k+2, xeR,
g:x—>x-3k xe R,
where £ is a constant.

a Find expressions in terms of & for

i ),

i fg(x). )
Given that fg(7)=4,
b find the two possible values of . 3)

The function f'is given by
fix— e’ -3, xeR.
a Find f ~'(x) and state its domain. “4

b Sketch the curve y =f~'(x), showing the coordinates of any points of intersection
with the coordinate axes. (€))]

The function g is given by

g:x—>Inkx+5), xe R, x>-5.
¢ Evaluate fg(4). ?2)
d Solve the equation f~'(x) = g(x). “)

The function f'is defined by

frx>3+Inx+2), xeR, x>k,
where k is a constant.
Given that the range of fis f(x) > 3,
a find the value of &, A3)
b find f~'(x), stating its domain clearly. “)
The function g is defined by

g:x—>4+Inx-1), xe R, x>1.

¢ Find, in terms of e, the value of x such that f(x) = g(x). “)

The functions f and g are given by

fix) = %2, xeR, x#-2,
X

glx)= 3, xe R, x#0
X

a Solve the equation fg(x) =4. @
b Find f ~'(x), stating its domain clearly. “)
¢ Solve the equation f(x)=f'(x). A3
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The function f is defined by
fx)=x"-2x-9, xe R, x>k
a Find the minimum value of the constant & for which f ™' (x) exists. 3)

Given that k takes the value found in part a,

b solve the equation f _l(x) =4, (2)
¢ sketch the curve y= | f(x)], 3)
d find the values of x for which | f(x) | =6. Q)

The function fis defined by
f:x—>2—§, xe R, x#0.
X

a Find the value of ff(1). ?2)
b Find f~'(x) and state its domain. “@
The function g is defined by

g:x—x’, xe R.

¢ Solve the equation gf(x) = 1. 4

The function fis defined by

1
fix—> e -2, xeR.

a Evaluate f(In 9). 2)
b State the range of f. a
¢ Find £ 7'(x) and state its domain. )

The function g is defined by

g:x—>x*+4x, xe R.

d Find and simplify an expression for gf(x). A3)
e Solve the equation gf(x) +1=0. 2)
v A
y=1fx)
(_39 O) =
—4 0 R
©, —1)\

The diagram shows the curve y = f(x). The domain of fis —4 <x <2 and the curve
intersects the coordinate axes at the points (-3, 0) and (0, —1).

a Explain how the graph shows that fis one-one. @

b Showing the coordinates of any points of intersection with the axes, sketch on
separate diagrams the graphs of

i y=lfwl,
i y=1"(x). )
fo)s ——> + L xeR, x>2.
(x+D2x-3)  x+1
a Show that f(x)= — . @
2x-3

b Find the range of f. 2)
¢ Find an expression for f ™' (x). A3)

gl = L xeR, x#2.
X—=2

d Solve the equation fg(x) = 2. 0))
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Investigation of curves; differentiation; Newton-Raphson method

f(x) =4 cos x + e
(a) Show that the equation f(x) = 0 has a root a between 1.6 and 1.7

(b) Taking 1.6 as your first approximation to a, apply the Newton-Raphson procedure once to f(x) to
obtain a second approximation to a. Give your answer to 3 significant figures.

(Total 6 marks)

18
f(x) =3Vx+ V¥ -20
(a) Show that the equation f(x) = 0 has a root a in the interval [1.1, 1.2].
(b) Find f'(x).
(c) Using xo = 1.1 as a first approximation to a, apply the Newton-Raphson procedure once to f(x) to find a

second approximation to a, giving your answer to 3 significant figures.

(Total 9 marks)

— —3x-7, x>0
4\ x

f(x)=x" +

A root a of the equation f (x) = 0 lies in the interval [3, 5].

Taking 4 as a first approximation to a, apply the Newton-Raphson process once to f (x)
to obtain a second approximation to a. Give your answer to 2 decimal places.

(Total 5 marks)

The curve with equation y = 'i.rz ~3Inx, x>0, has a stationary point at 4.

a Find the exact x-coordinate of 4. 3
b Determine the nature of the stationary point, (2)
¢ Show that the y-coordinate of A is %(I —1In 3). 2)

d Find an equation for the tangent to the curve at the point where x = 1, giving your
answer in the form ax + by + ¢ =0, where @, b and ¢ are integers, 3

A curve has the equation y = ¢(x — 1)%,

. ody
a Find —. 3
o (3)
. 4’y T
b Show that — =e(x" + 2r=1). (2)
R

¢ Find the exact coordinates of the turning points of the curve and determine their nature,  (4)

d Show that the tangent to the curve at the point where x =2 has the equation

y=e'(3x-3). 3)
W S )
fi) (x=ix=2) -1
a Show that fix)— \:1. (5)

b Find an equation for the tangent to the curve y=f(x) at the point with x-coordinate 2,
giving your answer in the form ax + by = ¢, where @, b and ¢ arc integers. (4)
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A curve has the equation

2sinx —tan2y=10.
dy _ 2
a Show that — = cos x cos” 2. #)
dx

b Find an equation for the tangent to the curve at the point (£, £), giving your answer

in the form ax ~ by — e =0, (3)

Find an equation for the tangent to the curve with equation

y=(3-x)
al the point on the curve with x-coordinate -1, )
a  Sketch the curve with equation v =3 —In 2x, 2)
b Find the exact coordinates of the point where the curve crosses the x-axis. (2)
¢ Find an equation for the tangent to the curve at the point on the curve where x =35, “

This tangent cuts the x-axis at 4 and the y-axis at 8.
d  Show that the area of triangle Q48, where O is the origin. is approximately 7.20 3)

Differentiate with respect to x

a (3x—1), 2
I:
sin2x (3)

| i

[e]

X

f\_\-—alnx—éix

The diagram shows the curve with equation v = aInx — 4x, where @ is a positive constant.
Find, in terms of a,

a the coordinates of the stationary point on the curve, 4
b an equation for the tangent to the curve at the point where x=1. 3
Given that this tangent meets the x-axis at the point (3, 0),

¢ show that a = 6. 2)

A curve has the equation y=x"+ 3x* — 16x + 2.

a Find an equation of the tangent to the curve at the point P (2, —10).

The tangent to the curve at the point O is parallel to the tangent at the point P.
b Find the coordinates of the point Q.

A curve has the equation y=4",

Show that the tangent to the curve at the point where x =1 has the equation

y=4+8(x-1)In2. (4)
3x+ 1 dy 1
(b) Given that y = L. show that . —i (3 marks)
e+ 1 dr  (2x+1 )*
(a) Find % when y = (3x - I}m. (2 marks)
i

ds
(a) Find & when:
dr

@) y=(4x2+3x+2)'; 2 marks)
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Coordinate geometry of circles

7 A circle has equation x2 +3? —dx— 14 = 0.

(a) Find:
(i) the coordinates of the centre of the circle; (3 marks)
(ii) the radius of the circle in the form pﬁ. where p is an integer. (3 marks)

(b) A chord of the circle has length 8. Find the perpendicular distance from the centre of
the circle to this chord. (3 marks)

(c) A line has equation y = 2k — x, where & is a constant.

(i) Show that the x-coordinate of any point of intersection of the line and the circle

satisfies the equation

-2+ I +2%2-7=0 (3 marks)

(it} Find the values of k for which the equation

-2+ I +2%2-7=0

has equal roots. (4 marks)

(iii) Describe the geometrical relationship between the line and the circle when & takes
either of the values found in part (c)(ii). {1 mark)

A circle with centre C has equation x4 _1'2 +2x—12y+12=0.
(a) By completing the square, express this equation in the form
(x — c.']2 +(y— b}z =r?

(b) Write down:
(i) the coordinates of C;
(ii) the radius of the circle.

(c) Show that the circle does not intersect the x-axis.

(d) The line with equation x+ y = 4 intersects the circle at the points P and Q.

(i) Show that the x-coordinates of P and Q satisfy the equation
P +3x-10=0

(ii) Given that P has coordinates (2, 2), find the coordinates of Q.

(iii) Hence find the coordinates of the midpoint of PQ.

The circle C has equation x>+ — & — 16y + 72 = 0.

a Find the coordinates of the centre and the radius of C.

b Find the distance of the centre of C from the origin in the form k5.
The point A4 lies on C and the tangent to C at 4 passes through the origin O.
¢ Show that O4 = 62 .

(3 marks)

{1 mark)
(1 mark)

(2 marks)

(3 marks)
(2 marks)

(2 marks)

The circle C has equation x* + y* — 4x — 6 =0 and the line / has equation y =3x — 6.

a Show that / passes through the centre of C.
b Find an equation for each tangent to C that is parallel to /.

3
(2)

3
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A circle with centre C has equation (x + 3}|2 + (v — 2}2 =25.
(a) Write down:
(i) the coordinates of C:
(ii) the radius of the circle.
(b) (i) Verify that the point N(0, —2) lies on the circle.
(ii) Sketch the circle.
(iii) Find an equation of the normal to the circle at the point N.
(c) The point P has coordinates (2, 6).
(1) Find the distance PC, leaving your answer in surd form.

(ii) Find the length of a tangent drawn from P to the circle.

A cirele has the equation x* 4y —6x+ 2y —15=10,

a Find the coordinates of the centre of the circle.

b Find the radius of the circle.

¢ Show that the tangent to the circle at the point (7, 2) has equation
4y +3y—34=0.

A circle has the equation x* +* I 6x =8y | 21 =0.
a Find the coordinates of the centre and the radius of the circle,
The point £ lies on the circle.

b Find the greatest distance of P from the origin.

R |
FHyl= 50/ A
(4} x
c
n

The diagram shows the circle with equation +”+ 7 = 50 and the tangents to the circle

at the points 4 (5, 5)and B (1, 7).

a  Find an equation of the tangent to the circle at A4,

b Show that the tangent to the circle at B has the equation
x—Ty—50=0.

(2 marks)
(1 mark)
(1 mark)

{2 marks)

(3 marks)

(2 marks)

(3 marks)

2)
1

)

3)

@)

(3)

3)

¢ Find the coordinates of the point C where the tangents to the circle at A and & intersect.  (2)

The circle C has the cquation »” + 37 +2x — 14y +30=0,
a Find the coordinates of the centre of C.
b Find the radius of C, giving your answer in the form k+/5 .

¢ Show that the line y=2x— 1| is a tangent to C and find the coordinates of the point
of contact.

The circle C has equation x”+ y* — 6x — 12y + 28 = (),
a Find the coordinates of the centre of C.
The line y=x -2 intersects C at the points 4 and B.

b Find the length 48 in the form N

2
)

)

2

(6}
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The circle C has

centre (8, —=1) and passes through the point (4, 1).

a Find an equation for C.
b Show that the line with equation x + 2y +4 =0 isa tangent to C.

A circle has the equation °+ yl — 2 =TFy= 16=.

a Find the coordinates of the centre of the circle.

b Show that the radius of the circle is k\.“ﬁ . where & is an exact fraction to be found.

¢ Find an equation of the tangent to the circle at the point (4, 8), giving your answer

in the form

~1

ax + by + ¢ =10, where a, b and ¢ are integers.

R

(o]

X

The line with equation x — 2y + 3 =0 intersects the circle C at the points 4 and B as
shown in the diagram above. Given that the centre of C has coordinates (6, 7),

a find the coordinates of the mid-point of the chord AB.
Given also that the x-coordinate of the point A is 3,
b find the coordinates of the point B,

¢ find an equation for C.

Arithmetic and geometric sequences

(6)

(2)
@

“)

The first term of an arithmetic series is 1. The common difference of the series is 6.

(a) Find the tenth term of the series.

(b) The
(1)

(ii)

sum of the first n terms of the series 1s 7400,
Show that 3n° — 2n — 7400 = 0.

Find the value of n.

2 marks)

(3 marks)

(2 marks)
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An arithmetic series has first term a and common difference d.

The sum of the first 29 terms is 1102,

(a) Show that @+ 14d = 38, (3 marks)
(b) The sum of the second term and the seventh term is 13,

Find the value of @ and the value of d. (4 marks)

A farmer has a pay scheme to keep fruit pickers working throughout the 30 day season,
He pays La for their first day, £(a + &) Tor their second day, £{a + 2d ) for their third
day, and so on, thus increasing the daily payment by £d for each extra day they work.
A picker who works for all 30 days will earn £40.75 on the final day,

{a)  Use this information to form an equation in @ and .

(2)
A picker who works for all 30 days will earn a total of £1005
(b)  Show that 15(a +40.75) = 1005

2}
{c) Hence find the value of 7 and the value of d.

(4)

(Total 8 marks)

Jill gave money to a charity over a 20-year period, from Year 1 to Year 20 inclusive.
She gave £150 in Year 1, £160 in Year 2, £170 in Year 3, and so on, so that the amounts
of money she gave each year formed an arithmetic sequence.

(a) Find the amount of money she gave in Year 10.

2)

(b) Calculate the total amount of money she gave over the 20-year period.

3)

Kevin also gave money to the charity over the same 20-year period.

He gave £4 in Year | and the amounts of money he gave each year increased, forming
an arithmetic sequence with common difference £30.

The total amount of money that Kevin gave over the 20-year period was twice the total
amount of money that Jill gave.

(c) Calculate the value of 4.

)
(Total 9 marks)

A 40-year building programme for new houses began in Oldtown in the vear 1951
(Year 1) and finished in 1990 (Year 400).

The numbers of houses built each year form an arithmetic sequence with first term a
and common difference d.

Given that 2400 new houses were built in 1960 and 600 new houses were built in 1990,
find

(a) the value of d,

3)
(b) the value of a,

@
(c) the total number of houses built in Oldtown over the 40-year period.

(3)

(Total 8 marks)
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In the first month after opening, a mobile phone shop sald 280 phones. A model for
future trading assumes that sales will increase by x phones per month for the next 35
months, s0 that (280 + x) phones will be sold in the second month, (280 + 2x) in the
third month, and so on.

Using this model with x = 5, calculate

(a) (i) the number of phones sold in the 36th month,

(2)
(i)  the total number of phones sold over the 36 months.
(2)
The shop sets a sales target of 17 000 phones to be sold over the 36 months,
Using the same model,
(b)  find the least value of x required to achieve this target.
{Total 8 marl(::;

An ice cream seller expects that the number of sales will increase by the same amount every
week from May onwards. 150 ice creams are sold in Week 1 and 166 ice creams are sold in
Week 2. The ice cream seller makes a profit of £1.25 for each ice cream sold.

(a) Find the expected profit in Week 10. [3]
(b) In which week will the total expected profits first exceed £50007 [5]
(c) Give two reasons why this model may not be appropriate. 2]

(a) Ben saves his pocket money as follows.

Each week he puts money into his piggy bank (which pays no interest). In the first
week he puts in 10p. In the second week he puts in 12p. In the third week he puts in
14p, and so on.

How much money does Ben have in his piggy bank after 25 weeks? [4]

(b) On January 1st Shirley invests £500 in a savings account that pays compound
interest at 3% per annum. She makes no further payments into this account. The
interest is added on 31st December each year.

) Find the number of years after which her investment will first be worth more than  [4]
£600.

(i) State an assumption that you have made in answering part (b)(i). [1]
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The adult population of a town is 25 000 at the end of Year 1.

A model predicts that the adult population of the town will increase by 3% each year, forming a
geometric sequence.

(a)  Show that the predicted adult population at the end of Year 2 is 25 750.

(eY)
(b)  Write down the common ratio of the geometric sequence.
)
The model predicts that Year N will be the first year in which the adult population of the town
exceeds 40 000.
(c)  Show that
(N-1)logl.03 >logl.6
3)
(d)  Find the value of N.
()
At the end of each year, each member of the adult population of the town will give £1 to a
charity fund.
Assuming the population model,
(e) find the total amount that will be given to the charity fund for the 10 years from the end
of Year | to the end of Year 10, giving your answer to the nearest £1000.
3

(Total 10 marks)

A car was purchased for £18 000 on 1st January.

On 1st January each following year, the value of the car is 80% of its value on 1st January in the
previous year.

(a)  Show that the value of the car exactly 3 years after it was purchased is £9216.
@

The value of the car falls below £1000 for the first time n years after it was purchased.

(b)  Find the value of n.

3)
An insurance company has a scheme to cover the maintenance of the car. The cost is £200 for
the first year, and for every following year the cost increases by 12% so that for the 3rd year the
cost of the scheme is £250.88
(c)  Find the cost of the scheme for the 5th year, giving your answer to the nearest penny.
2

(d) Find the total cost of the insurance scheme for the first 15 years.

&)
(Total 9 marks)
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The third term of a geometric sequence is 324 and the sixth term is 96

: .2
(a)  Show that the common ratio of the sequence is 3

(b)  Find the first term of the sequence.
(¢)  Find the sum of the first 15 terms of the sequence.

(d)  Find the sum to infinity of the sequence.

(2)

(2)

3

(2)
(Total 9 marks)

The first three terms of a geometric series are (k + 4), k and (2k — 15) respectively, where k is a

positive constant.

(a)  Show that & — 7k — 60 = 0.
(b)  Hence show that k= 12.
(¢)  Find the common ratio of this series.

(d)  Find the sum to infinity of this series.

. . .4
A geometric series has first term 5 and common ratio e

Calculate

(a)  the 20th term of the series, to 3 decimal places,

(b)  the sum to infinity of the series.

Given that the sum to k terms of the series is greater than 24.95,

log0.002

(c) show that k >
log0.8

“@

0]

@

2
(Total 10 marks)

2

2

“)
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The fourth term of a geometric series is 10 and the seventh term of the series is 80.
For this series, find

(a)  the common ratio,

(2
(b) the first term,
(2)
(¢)  the sum of the first 20 terms, giving your answer to the nearest whole number.
(2)
(Total 6 marks)

A trading company made a profit of £50 000 in 2006 (Year 1).

A model for future trading predicts that profits will increase year by year in a geometric
sequence with common ratio », » > 1.

The model therefore predicts that in 2007 (Year 2) a profit of £50 0007 will be made.

(a)  Write down an expression for the predicted profit in Year n.

1
The model predicts that in Year #n, the profit made will exceed £200 000.
log 4
(b) Show thatn> —2" 41,
logr
3
Using the model with » = 1.09,
(¢) find the year in which the profit made will first exceed £200 000,
2

(d) find the total of the profits that will be made by the company over the 10 years from 2006
to 2015 inclusive, giving your answer to the nearest £10 000.

3)
(Total 9 marks)
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Inverse and reciprocal trigopnometric ratios, identities, equations

Sketch each of the following curves for x in the interval 0 <x <2m. Show the coordinates of any
turning points and the equations of any asymptotes.

a y=3secx b y=1+cosecx ¢ y=cot2x
d y=cosec(x—7%) e y=sec 1x f y=3+2cosecx
g y=1-sec2x h y=2cot(x+7) i y=l+sec(x—%)

i

o

»

X
ﬂ= )

The diagram shows the curve y = f(x), where
f(x)=2cosx—3secx—-5, xeR, 0<x<2m

a Find the coordinates of the point where the curve meets the y-axis.

b Find the coordinates of the points where the curve crosses the x-axis.

fix)=sinx, xe R, -F <x< Z.

a State the range of f.
b Define the inverse function f ' (x) and state its domain.

¢ Sketch on the same diagram the graphs of y = f(x) and y=f"'(x).

fix)=arccosx— 5, xe R,-1<x<1.
a State the value of f(—1) in terms of 7.
b Solve the equation f(x)=0.

¢ Define the inverse function f ' (x) and state its domain.

a Solve, in the interval 0 < # < 180°,

i cosecd=2cotl ii 2cot?f =7cosect — 8
b Solve, in the interval 0 < 6 < 360°,
i sec(20 — 15°) = cosec 135° ii sec2f +tanf=3

¢ Solve, in the interval 0 < x < 2,

i cosec(,\' + —) =—2 ii sec2x =

4
15 3
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Prove that:
a (tanf + cotf)(sinf + cos ) = secf + cosec

¢ (I =sinx)(1 + cosec x) = cosx cotx

1 1
. cosecl — 1 % cosecl +

1 = 2secf tanf

sin x 1 +cosx
I +cosx sin x

a Prove that = 2cosec x.

COSseC X

———— =sec?x
cosec X — sin x

cotx COS X
cosecx—1 1+sinx

=2tanx

(sec — tan @)(secf + tan ) B

b Hence solve, in the interval =27 < x < 27

1 +cosx

1 +cosf

= + 2
T (cosecf + cot0)

Prove that

Solve, in the interval 0 < x =< 27, the equation sec(

1 + tan?0 =
(4 marks)
l +. i —é (4 marks)
sin x V3
(4 marks)

X +—) = 2, giving your answers in

terms of 7. 4 (5 marks)
. ; . ,  2V3
Solve, in the interval 0 < x < 27, the equation sec’ x — =N tanx -2 =0,
giving your answers in terms of . (5 marks)
a Prove that sec*# — tan* 6 = sec? 6 + tan26. (3 marks)
b Hence solve, in the interval —180° < # < 180°, sec*f = tan*f + 3tan 6. (4 marks)
a Sketch, in the interval -27 < x =< 27, the graph of y =2 - 3secx. (3 marks)
b Hence deduce the range of values of k for which the equation 2 — 3 sec x = k has
no solutions. (2 marks)

Sketch the graphs of:

™ %
a y=—++2arcsinx

5 b y=m-arctanx

¢ y=arccos(2x+ 1)

d y=-2arcsin(-x)
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Area under curves; exponential function

(b) Using integration by parts, find Jx’z Inx dx. (4 marks)
(c) The sketch shows the graph of y = x 2 Inx.

¥ A

(o] 1 5 x

(ii) The region R is bounded by the curve, the x-axis and the line x = 5. Using
your answer to part (b), show that the area of R is

%(4 —In5) (3 marks)

The diagrams show the curves y =sinf, 0 < 6§ < 2x and y =sin26, 0 < 6 < 2r.

By choosing suitable limits, show that the total shaded area in the first diagram is equal to the
total shaded area in the second diagram, and state the exact value of this shaded area.

/\y =sin20
- \/21;0 0 \/ \/2”79
-1 -11

VA VA
1 y=sinf 11

; ; s
The diagram shows parts of the graphs of y = sin x and y = cos x. The diagram shows the curves y = sin2xand y =cosx, 0 < x < .

a Find the coordinates of point A.

b Find the areas of: o
i R ii R, iii Ry

¢ Show that the ratio of areas R, : R, can be written as v2 : 2.

=V

P R

Find the exact value of the total shaded area on the diagram.
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The diagram shows the graph of y = (1 +sin2x)%. 0 < x < 34—”

a Show that (1 +sin2x)’ = %(3 +4sin 2x — cos 4x). (4 marks)
b Hence find the area of the shaded region R. (4 marks) i) onday
¢ Find the coordinates of A, the turning point on

the graph. (3 marks)

The diagram shows a sketch of part of the curves with equations y =2cosx + 2 and y =-2cosx + 4.

VA

y= -2cosx+4

y=2cosx+2

X

o
a Find the coordinates of the points 4, B and C. (2 marks)
b Find the area of region R, in the form a/3 + b‘—ﬂ where a, b and ¢ are integers to be
found. (4 marks)

¢ Show that the ratio of R,: R, can be expressed as (3v3 + 27) : (3V3 — 7). (5 marks)

ylk

0
C
O|P ;

The figure above shows a sketch of part of the curve C with equation
y=sin(lnx), x2>1.
The point Q, on C, is a maximum.

(a)  Show that the point P(1, 0) lies on C.

@
(b)  Find the coordinates of the point Q.

®
(¢)  Find the area of the shaded region between C and the line PQ.

(&)

(Total 15 marks)
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N\

The diagram shows the curve
y=e*-18x+ 15.

The curve crosses the y~axis at Zand the minimum point is Q. The shaded region is bounded by
the curve and the line PQ.

i.  Show that the x-coordinate of Qis In3.

3]
i. Find the exact area of the shaded region.
(8]
y
A
_
» X
(0]
The diagram shows the curve y = * — 6e** + 32.
i.  Find the exact x-coordinate of the minimum point and verify that the y~coordinate of
the minimum point is 0.
[4]

ii. Find the exact area of the region (shaded in the diagram) enclosed by the curve and
the axes.

[
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The diagram shows the curves y = e**and y= 8e™. The shaded region is bounded by the
curves and the y~axis. Without using a calculator,

i. solve an appropriate equation to show that the curves intersect at a point for which x =
In2,

2
ii. find the area of the shaded region, giving your answer in simplified form.

18]

Kinematics graphs . The speed of a 100 metre runner in ms™" is measured electronically every 4 seconds.

The measurements are plotted as points on the speed-time graph in Fig. 6. The vertical
dotted line is drawn through the runner's finishing time.

Fig. 6 also illustrates Model P in which the points are joined by straight lines.

=

speed inms !
5

8%

0 2 4 6 10
Fig. 6

12 14
time in's

i.  Use Model P to estimate
A. the distance the runner has gone at the end of 12 seconds,
B.  how long the runner took to complete 100 m.

6]

A mathematician proposes Model Q in which the runner's speed, vms™ at time s, is given
by

_5._1
v=2tT3

2.

ii.  Verify that Model Q gives the correct speed for = 8.
(1
ii. — Use Model Q to estimate the distance the runner has gone at the end of 12 seconds.
[
iv.  The runner was timed at 11.35 seconds for the 100 m.
Which model places the runner closer to the finishing line at this time?
3]

v.  Find the greatest acceleration of the runner according to each model.
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Fig. 1 shows the velocity-time graph of a cyclist travelling along a straight horizontal road
between two sets of traffic lights. The velocity, v, is measured in metres per second and the
time, £ in seconds. The distance travelled, s metres, is measured from when 7= 0.

W

A

101

20

Fig. 1
i. Find the values of swhen #=4 and when 7= 18.
[3]

ii. Sketch the graph of sagainst #for 0 < /< 18.

A car is usually driven along the whole of a 5 km stretch of road at a constant speed of 25 m s~
'. On one occasion, during a period of 50 seconds the speed of the car is as shown by the
speed-time graph in Fig. 7; the rest of the 5 km is travelled at 25 m s™.

speed inms
[
wn

111 SE—

20

time in s
Fig. 7
How much more time than usual did the journey take on this occasion? Show your working
Clearly.

[4

A bus travelling on a straight road accelerates uniformly from 25 ms'to7.5ms'in 12 s, It
then travels at 7.5m s™' for 20 s before slowing uniformly to rest in 8 s.

(@) Sketch a velocity-time graph for the bus. [3]

(b) Calculate the average speed of the bus. [4]
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A train is travelling along a straight test track. It starts from rest and reaches its maximum
speed after a time of

2 minutes and 21 seconds. During that time it travels 5 km.

Two models, A and B, are considered for its motion.

In Model A, it is assumed that the train has constant acceleration.

() Find the acceleration of the train and its maximum speed according to Model A. [5]

In Model B, it is assumed that the acceleration, am s at time #seconds after starting, is
given by
a=06-3x10"°x £.

(i Show that, according to Model B, the time taken for the train to reach its maximum
speed is 2 minutes 21.42 seconds (to the nearest 0.01 s). 2]

(i) Find expressions for the speed of the train and the distance that it has travelled at time
t, according to Model B. [4]

W) Hence show that Model B is consistent with the train travelling a distance of 5 km to
attain maximum speed.

Find the maximum speed of the train according to this model. [3]

(v) When the train reaches its maximum speed it continues at that speed.

Draw the speed-time graphs for both models on the grid provided, labelling them A

and B. [4]

0O 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160
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Rory runs a distance of 45 min 12.5 s. He starts from rest and accelerates to a speed of 4 m
s™". He runs the remaining distance at 4 m s™".

Rory proposes a model in which the acceleration is constant until time 7 seconds.

(@ Sketch the velocity-time graph for Rory’s run using this model. [2]
(b) Calculate T [2]
(c) Find an expression for Rory’s displacement at time #zsfor0 < ¢< 7. [2]
(d) Use this model to find the time taken for Rory to run the first 4 m. 1]

Rory proposes a refined model in which the velocity during the acceleration phase is a
quadratic function of £ The graph of Rory’s quadratic goes through (0, 0) and has its
maximum point at (S, 4). In this model the acceleration phase lasts until time S seconds, after
which the velocity is constant.

(e) Sketch a velocity-time graph that represents Rory’s run using this refined model. 1]

State with a reason whether S'is greater than 7 or less than 7. (You are not required
to calculate the value of S.)

()
[1]

Kinematics in 2 dimensions using vectors

A particle moves in a horizontal plane, in which the unit vectors i and j are directed east and
north respectively. At time ¢ seconds, its position vector, r metres, is given by

r=0278 -2 +6)i+ (8—45 +1)j

(a) Find an expression for the velocity of the particle at time ¢. (3 marks)
(b) (i) Find the velocity of the particle when ¢ = % (2 marks)

(i) State the direction in which the particle is travelling at this time. (1 mark)
(c) Find the acceleration of the particle when ¢ = 4. (3 marks)

(d) The mass of the particle is 6kg. Find the magnitude of the resultant force on the
particle when t = 4. (3 marks)

Tom is on a fairground ride.
Tom’s position vector, r metres, at time ¢ seconds is given by
r=2costi+2sintj+ (10 — 0.41)k

The perpendicular unit vectors i and j are in the horizontal plane and the unit vector k is
directed vertically upwards.

(a) (1) Find Tom’s position vector when t = 0. (1 mark)
(i1)) Find Tom’s position vector when ¢ = 21 . (1 mark)

(iii) Write down the first two values of ¢ for which Tom is directly below his starting
point. (2 marks)

(b) Find an expression for Tom’s velocity at time ¢. (3 marks)

(c) Tom has mass 25 kg.

Show that the resultant force acting on Tom during the motion has constant magnitude.
State the magnitude of the resultant force. (5 marks)
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A particle has mass 800 kg. A single force of (24001 — 4800¢ j) newtons acts on the particle
at time ¢ seconds. No other forces act on the particle.

(a) Find the acceleration of the particle at time . (2 marks)

(b) At time ¢ = 0, the velocity of the particle is (6i + 30j)ms~!. The velocity of the
particle at time 7 is vims~!.

Show that
v=(6+30)i+(30—-3%)j (4 marks)
(c) Initially, the particle is at the point with position vector (2i + 5j) m.

Find the position vector, r metres, of the particle at time z. (5 marks)

A particle moves in a straight line and at time ¢ it has velocity v, where
v=13t2 —2sin3t+6
(@) (1) Find an expression for the acceleration of the particle at time . (2 marks)

(i) When t = g, show that the acceleration of the particle is 2w + 6. (2 marks)

(b) When ¢ = 0, the particle is at the origin.

Find an expression for the displacement of the particle from the origin at time ¢.

(4 marks)
A particle moves in a horizontal plane under the action of a single force, F newtons. The
unit vectors i and j are directed east and north respectively. At time ¢ seconds, the position
vector, r metres, of the particle is given by
r=( =32 +4)i+ (4 + )]

(a) Find an expression for the velocity of the particle at time . (2 marks)
(b) The mass of the particle is 3 kg.

(i) Find an expression for F at time ¢. (3 marks)

(i1) Find the magnitude of F when r = 3. (2 marks)
(¢) Find the value of ¢t when F acts due north. (2 marks)

A particle moves in a straight line and at time ¢ seconds has velocity vms~!, where
v=624+4t-7, t=0
(a) Find an expression for the acceleration of the particle at time ¢. (2 marks)
(b) The mass of the particle is 3 kg.
Find the resultant force on the particle when ¢t = 4. (2 marks)
(c) When t = 0, the displacement of the particle from the origin is 5 metres.

Find an expression for the displacement of the particle from the origin at time z.
(4 marks)
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A particle moves on a horizontal plane, in which the unit vectors i and j are directed east and
north respectively.

At time ¢ seconds, the position vector of the particle is r metres, where

(a)
(b)

(c)
(d)

1
r= (2e2f — 8+ S)i + (1% = 61)j

Find an expression for the velocity of the particle at time .

(1) Find the speed of the particle when = 3.

(i) State the direction in which the particle is travelling when ¢ = 3.

Find the acceleration of the particle when ¢ = 3.
The mass of the particle is 7kg.

Find the magnitude of the resultant force on the particle when ¢ = 3.

A particle moves so that at time 7 seconds its velocity vins~! is given by

(a)
(b)

(c)
(d)

(2)

(b)

(©

(d)

(e

v = (43 =120+ 3)i + 5§ + 81k
When ¢ = 0, the position vector of the particle is (—5i + 6k) metres.
Find the position vector of the particle at time z.

Find the acceleration of the particle at time z.

(3 marks)
(2 marks)
(1 mark)

(3 marks)

(3 marks)

(4 marks)

(2 marks)

Find the magnitude of the acceleration of the particle at time z. Do not simplify your

ansSwer.

Hence find the time at which the magnitude of the acceleration is a minimum.

(2 marks)

(2 marks)

The particle is moving under the action of a single variable force F newtons. The mass

of the particle is 7 kg.

Find the minimum magnitude of F.

(2 marks)

A particle has mass 200 kg and moves on a smooth horizontal plane. A single

horizontal force, (400 cos (g t)i + 60072 j) newtons, acts on the particle at time

t seconds.

The unit vectors i and j are directed east and north respectively.
Find the acceleration of the particle at time ¢.

When ¢ = 4, the velocity of the particle is (—3i+ 56j) ms~! .
Find the velocity of the particle at time .

Find ¢ when the particle is moving due west.

Find the speed of the particle when it is moving due west.

(2 marks)

(5 marks)
(3 marks)

(2 marks)
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(a)

(b)
(c)

(a)
(b)

The velocity of a particle at time ¢ seconds is vms~!, where

v=(4+4362)i+ (12 — 81)j
When ¢ = 0, the particle is at the point with position vector (5i — 7j) m.
Find the position vector, r metres, of the particle at time . (4 marks)
Find the acceleration of the particle at time ¢. (2 marks)
The particle has mass 2 kg.

Find the magnitude of the force acting on the particle when ¢ = 1. (4 marks)

A particle moves in a horizontal plane under the action of a single force, F newtons.
The unit vectors i and j are directed east and north respectively. At time ¢ seconds,
the velocity of the particle, vins~!, is given by

v=4e i+ (6t — 31%)j
Find an expression for the acceleration of the particle at time . (3 marks)

The mass of the particle is 5kg.

(i) Find an expression for the force F acting on the particle at time ¢. (2 marks)
(ii) Find the magnitude of F when # =0. (2 marks)
Find the value of # when F acts due west. (2 marks)

(c)
(d)

(a)
(b)

(i)

(i)
(c)

When ¢ = 0, the particle is at the point with position vector (6i + 5j) m.

Find the position vector, r metres, of the particle at time . (5 marks)

A particle moves in a horizontal plane. The vectors i and j are perpendicular unit
vectors in the horizontal plane. At time ¢ seconds, the velocity of the particle,
vms~ !, is given by
T
v=12 cos<§z)i — 92
Find an expression for the acceleration of the particle at time ¢. (2 marks)

The particle, which has mass 4 kg, moves under the action of a single force,
F newtons.

Find an expression for the force F in terms of ¢. (2 marks)
Find the magnitude of F when ¢t = 3. (2 marks)
When ¢ = 3, the particle is at the point with position vector (4i — 2j) m.

Find the position vector, r metres, of the particle at time ¢. (5 marks)
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A particle, of mass 10 kg, moves on a smooth horizontal plane. At time ¢ seconds,
the acceleration of the particle is given by

{(40¢ + 3¢2) i +20e # j} ms 2
where the vectors i and j are perpendicular unit vectors.
(a) At time 7 = 1, the velocity of the particle is (6i — 5e™*j)ms~!.

Find the velocity of the particle at time ¢. (5 marks)

(b) Calculate the initial speed of the particle. (3 marks)

The map of a large area of open land is marked in 1 km squares and a point near the middle

]) (O)
and
of the area is defined to be the origin. The vectors (0 1 /are in the directions east and

north.

At time thours the position vectors of two hikers, Ashok and Kumar, are given by:

-2\ (8
Ashok rA=( 0 +(l)t,

Kumar rK (107_241).

i.  Prove that the two hikers meet and give the coordinates of the point where this
happens.

4]

i. Compare the speeds of the two hikers.

The position vector r metres of a particle at time t seconds is given by

r=(1+12t-28i+ (- 61

(@) Find an expression for the velocity of the particle at time #. 2]

(o) Determine whether the particle is ever stationary. 2]
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A model boat has velocity v = ((2¢ - 2)i + (2¢+ 2) ) m's ~' for > 0, where tis the time in
seconds.

i is the unit vector east and j is the unit vector north.

When ¢ =3, the position vector of the boat is (3i + 14j) m.

(@) Show that the boat is never instantaneously at rest. 2]
(b) Determine any times at which the boat is moving directly northwards. 2]
(c) Determine any times at which the boat is north-east of the origin. 5]

A toy car moves on a horizontal surface. Its velocity in m s™" is given by
v =150+ 0.5¢j

where i and j are unit vectors east (x-direction) and north ()~direction) respectively and Zis the
time in seconds.

Initially the car is at the point 2 m north of the origin.

(@ Calculate the speed of the car after 3 seconds. [2]
(b) Find the position vector of the car after #seconds. [3]
2
© . , . y=5+2.
Show that the cartesian equation of the path of the car is 9 [3]

1 0
In this question, (o)and (l)are unit vectors in the x- and y~directions.

A bird is flying in the vertical plane defined by these directions.
The origin is a point on the ground.

The position vector, rm, of the bird at time #seconds, where ¢ >0, is given by
r=(g)+ (g
8 —4, 1/
() Find the velocity of the bird when f=2.5. 3]

(i) Find the time at which the speed of the bird is 10 m s™. [3]

(i) Find the times at which the bird is flying at an angle of 45° to the horizontal. 2]
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In this question the unit vectors i and j are directed east and north respectively.

A model boat sails from a point A with an initial velocity of =2j m s, It accelerates uniformly

to a velocity of
(4i + B)ms"'in 8 s.

(@) Calculate the acceleration of the boat. [2]

(b) Find the time at which the boat is sailing due east. [2]

4 s after leaving A, the boat is at point B with position vector (5i — 2j)m.

(c) Find the position vector of A. [4]
In this question the positive x and y directions are east and north respectively.
A model boat sails from the origin with initial velocity 3ms™" due west and moves with
acceleration

—O s 2ores

ms “for25s.
0.2
(a)Show that the velocity of the boat - X =1 3]
after 25 s is 5 ms .

(b) Find the cartesian equation of the path of the boat. [3]

Projectiles

Ali is throwing flat stones onto water, hoping that they will bounce, as illustrated in Fig. 5.

Ali throws one stone from a height of 1.225 m above the water with initial speed 20 ms™ in a
horizontal direction. Air resistance should be neglected.

Fig. 5

i. Find the time it takes for the stone to reach the water.

(2]

i. Findthe speed of the stone when it reaches the water and the angle its trajectory
makes with the horizontal at this time.

el

Arjun is trying to hit a can with a stone. The can is standing on a narrow wall 4 m away from

him. The can is
10 cm tall and its base is 1.9 m above the ground, which is level. Arjun throws the stone at

the can with a speed of 8 ms™ at an angle of 35° above the horizontal. The point of projection
is 1 m above the ground.

Determine whether the stone hits the can. [7]
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Fig. 4 illustrates a situation in which a film is being made. A cannon is fired from the top of a
vertical cliff towards a ship out at sea. The director wants the cannon ball to fall just short of
the ship so that it appears to be a near-miss. There are actors on the ship so it is important
that it is not hit by mistake.

The cannon ball is fired from a height 75 m above the sea with an initial velocity of 20ms™" at
an angle of 30° above the horizontal. The ship is 90 m from the bottom of the cliff.

Fig. 4

The director calculates where the cannon ball will hit the sea, using the standard
projectile model and taking the value of gto be 10ms™.

Verify that according to this model the cannon ball is in the air for 5 seconds.Show that
it hits the water less than 5 m from the ship.

(6]

i.  Without doing any further calculations state, with a brief reason, whether the cannon
ball would be predicted to travel further from the cliff if the value of g were taken to be
9.8 ms™.

In this question, air resistance should be neglected.

Fig. 2 illustrates the flight of a golf ball. The golf ball is initially on the ground, which is
horizontal.

Rm

Fig.2

It is hit and given an initial velocity with components of 15 ms™ in the horizontal direction and
20 ms™" in the vertical direction.

i.  Find its initial speed.
(]
ii. Find the ball’s flight time and range, #m.
[
i,
A.  Show that the range is the same if the components of the initial velocity of the
ball are 20 ms™" in the horizontal direction and 15 ms™" in the vertical direction.
(1]

B.  State, justifying your answer, whether the range is the same whenever the ball is
hit with the same initial speed.

2
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A golf ball is hit at an angle of 60° to the horizontal from a point, O, on level horizontal ground.
Its initial speed is 20 m s'. The standard projectile model, in which air resistance is
neglected, is used to describe the subsequent motion of the golf ball. At time ¢s the
horizontal and vertical components of its displacement from O are denoted by xm and ym.

Write down equations for xand y’in terms of #

2
Hence show that the equation of the trajectory is

y = v3x—0.049x7.

2
Find the range of the golf ball.

2
A bird is hovering at position (20,16).

Find whether the golf ball passes above it, passes below it or hits it.

Mr McGregor is a keen vegetable gardener. A pigeon that eats his vegetables is his great
enemy.

One day he sees the pigeon sitting on a small branch of a tree. He takes a stone from the
ground and throws it. The trajectory of the stone is in a vertical plane that contains the
pigeon. The same vertical plane intersects the window of his house. The situation is illustrated
in Fig. 5.

not to scale ® P
4:m
: 1.2m
/ g 0.8m
0]
< 22.5m >
Fig. 5

The stone is thrown from point O on level ground. Its initial velocity is 15 ms™" in the
horizontal direction and 8 ms™ in the vertical direction.

The pigeon is at point P which is 4 m above the ground.

The house is 22.5 m from O.

The bottom of the window is 0.8 m above the ground and the window is 1.2 m high.

Show that the stone does not reach the height of the pigeon.

Determine whether the stone hits the window.
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in this guestion take g= 10.

& small stone & prosched Bnom a poind O with a speed of 26 ms o an angle &

b i hornontnl mwtﬁttfmmﬂhm'd“mﬂmn
Fg. 7. You am giwan That sinf = I_J- Alter [ seconds B horronial depiacemant of
the siore from O i rmetres and e vertical daplacemsant is jmetres,

"1

Eﬁmi_l

"¥

0
Fg.7

{8 Using the standsed model for proectie moton,

»  Show that y= 241 - 517,
« find on expression for xintems of £ Ml

Thes stons passss Bvough pont A Pont A & 16m abows T el of O,
) Fnd the two possinie hofaontsl detances of A from O 1]

A foy babcon B progectad froam O with e same ntal weiocly as the small sbona,
) Sugoest twn wars in which thi stanckrd moo couid b ackaptecd ]|

In this quastion, 1is & hofzortal urit vector and | is & unit vector directed vertically upwards,

A particle s projoctad from the orlgin with an initial volocity of (wl + wfima™ | and moves froahy

under gravity, ts position vector rm 2t time §5 is ghven By
F={l + wf) #=5F.

(@) Write dorem tha value of @ usad in this modal.
[b) Explain what is maant by tha statamant that gis not a universal cangtant.

The position vector of the patticle whan it reaches its maximum height 15 140+ 200 m.

(e} Dstarmine tha initial valocity of tha particle, giving your answsr as a vestar,

[d) The particls hits a buising which iz 21 m away from the origin in the | direction,
Calculate the height above the level of the origin at which the paiticle hits the building.

[1]
[1]
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Ir this cuseestion you should wse the standand projectie modkl with 7= 9.8 me™,

Fig. 7 ilustrates the trajactony of 5 tennes bal which has been sersad oy a payer, B s not
Crgw 10 seale,

e The hal must pass over the net and land 0 the zendos oourt.
= The Haser hils (he bal af an angse o o aboves e Rorizonlal,

Thiresy juinicr mambwrs af & eanis b lake s b Seban a ieeis pall, They aee Hamesh [a
Leginner), Crecar iof mscium slancand) and Tara (@ gocd plsern, They each sland al the
same point and hit the all in the szma vaical pans &1 the same pont P The folcdmg
figunes aoply to ther serves

®  The plisser bils e bl Treer e beight of 2.22 m,
s The haght of the nat is 0085 m.

=  Tha plawer s 12.5 m from tha rst.

»  The bal must bounce within 8.5 m of the net,

=

P

T

T o | i

b I
e aw

Fig. 7
Harmish sarees tre nrll with comaonents of veloity 10 m s " harpontally and S5 m s
vartically upwsrds.

M Fined the spod of Hamish's soeen s the walus of o

i Seeve thanl Hamish's sarm passes awar e mal

(¥} Fird thez tirnes at wich Harnisi's ssrse its tha grourd.
Dewas [ in B Secvicd oot
Clacar fats the ball nonzontally, 30 o= 0. The milal speed of trea ball i3 gm e
) Fird D rarwge o poesabie vk ol orlor sdach e ol ek in g seeecoe cour,

Tarz seress tha ol 3t &an angle of 2° beliow she hadizontal, The oal clears the net and
bevinces atter 06T secands

04 Fined the: initial speescd of Taea's scrn,

2]

[4]

[E

A goalkccper kicdes o fodball from ground levsd on a lewsd plandrg tizlg, The ball is i he air far

A5,

la State a modallrg assumption in the stardand projectile model,

it Calculate the verical component af thea intial velooty of the ball,

izl Calculate the maximum height of the bsl.

() The ball lands 42 m fromits original postion. Caleulate
M the initisl spesd of the ball,

iy the angie that the initial valacity makes with the ground,

[l

2]

(2]
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& pabtie & thrown honrontaslly 58 14 m & fom & wincow whech is 5 moabowe horeonial
greemd The pebble o cwse & fancs 2 m Righ 0 m seey Som e wndiow Bz ghawn in Fg
. Tha anign is on tha growsnd directly Bedoss o windoey with e soes horaontalin e
et iy wihinahy tha pedtabioe ot Hharces dend thy 5= oies wirecaily unvsiandi

Wy -
. ‘-'__llll.l.i
Sim T
| i ™
2m| Fence "~
¥ i ta »
0. din -
Fig. 0
i i e B pebbils Lot 10 soach the ground =}
) Fnd e cartesian eouaicn of B aeciony of Be peldie 14l
ieh Find the range of poseiie valuos for ol £

A pabhle is thrown horizontaly at 21 m s~ from a point 1.6 m above evel ground.
Calzulate the harirantal distanos travellec by thie pebble befors i hits the ground.

[41

Forces, friction

A trolley, of mass 100 kg, rolls at a constant speed along a straight line down a slope

inclined at an angle of 4° to the horizontal.

Assume that a constant resistance force, of magnitude P newtons, acts on the trolley as it

moves. Model the trolley as a particle.

(a) Draw a diagram to show the forces acting on the trolley. (1 mark)

(b) Show that P = 68.4N, correct to three significant figures. (3 marks)

(¢) (1) Find the acceleration of the trolley if it rolls down a slope inclined at 5° to the
horizontal and experiences the same constant force of magnitude P that you found
in part (b). (4 marks)

(1)) Make one criticism of the assumption that the resistance force on the trolley is
constant. (1 mark)
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A rough slope is inclined at an angle of 25° to the horizontal. A box of weight 80 newtons
is on the slope. A rope is attached to the box and is parallel to the slope. The tension in
the rope is of magnitude 7 newtons. The diagram shows the slope, the box and the rope.

rope

(a) The box is held in equilibrium by the rope.

(i) Show that the normal reaction force between the box and the slope is
72.5 newtons, correct to three significant figures. (3 marks)

(i) The coefficient of friction between the box and the slope is 0.32. Find the
magnitude of the maximum value of the frictional force which can act on the box.

(2 marks)

(ii1) Find the least possible tension in the rope to prevent the box from moving down

the slope. (4 marks)
(iv) Find the greatest possible tension in the rope. (3 marks)
(v) Show that the mass of the box is approximately 8.16 kg. (1 mark)

(b) The rope is now released and the box slides down the slope. Find the acceleration of
the box. (3 marks)

A particle of mass 0.8 kg is held at rest on a rough plane. The plane is inclined at 30° to the
horizontal. The particle is released from rest and slides down a line of greatest slope of the
plane. The particle moves 2.7 m during the first 3 seconds of its motion. Find

(a)  the acceleration of the particle,

3
(b) the coefficient of friction between the particle and the plane.

)
The particle is now held on the same rough plane by a horizontal force of magnitude x newtons,
acting in a plane containing a line of greatest slope of the plane, as shown in the diagram above.
The particle is in equilibrium and on the point of moving up the plane.
(c)  Find the value of X.

¥)

(Total 15 marks)
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A block is being pulled up a rough plane inclined at an angle of 22° to the horizontal by a
rope parallel to the plane, as shown in the diagram.

The mass of the block is 0.7 kg, and the tension in the rope is 7 newtons.

(a) Draw a diagram to show the forces acting on the block. (1 mark)

(b) Show that the normal reaction force between the block and the plane has magnitude
6.36 newtons, correct to three significant figures. (3 marks)

(c) The coefficient of friction between the block and the plane is 0.25. Find the magnitude
of the frictional force acting on the block during its motion. (2 marks)

(d) The tension in the rope is 5.6 newtons. Find the acceleration of the block. (4 marks)

A box, of mass 3 kg, is placed on a slope inclined at an angle of 30° to the horizontal. The
box slides down the slope. Assume that air resistance can be ignored.

(a) A simple model assumes that the slope is smooth.
(i) Draw a diagram to show the forces acting on the box. (1 mark)
(ii) Show that the acceleration of the box is 49ms 2. (2 marks)

(b) A revised model assumes that the slope is rough. The box slides down the slope from
rest, travelling 5 metres in 2 seconds.

(i) Show that the acceleration of the box is 2.5ms 2. (2 marks)
(i) Find the magnitude of the friction force acting on the box. (3 marks)
(ii1) Find the coefficient of friction between the box and the slope. (5 marks)

(iv) In reality, air resistance affects the motion of the box. Explain how its
acceleration would change if you took this into account. (2 marks)
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Pulley, rough surface, Newton’s Laws

. 31 phows @ biock of mass & kg on & emooth horponial Tebie

Thig BDCk bamr-a-;!a:m.-am BN [[RS5aNG) Do & Smaonh prilesy 10 3 DincE ol masy 4 kg
which hangs frsaly. The part of P sting bebasen the © kg bBlock and the pulley m pamlisl fo
Thez 1a0HR

The syeem has poooseghon gms *

dkg

Fig. a1
L WWMMMHMMHMM

i, Find e v of @

The tabio & now BRea 2 an angie of ST0 e MorEntal a8 ghown in Fig. 3.2 The
Syt 8 st o ad before. e 4 kg Diock 568 hargs oy,

i, Thi syabem & now in equliorurm, Fod the vakes ol @
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Ce end of a light inexiensible sinng = attachead o 3 Moack P of mass 3 kg The block ® is held
at rest on & smoolh fixed plane which is inclined o the honzontal o anangle o , wihere

iR i = ; The string lics along a lms of greatest shops of the planc and passes over a smooth

light pulley which is fixed a1 the top of the plane. The other end of the string i= attached 10 a
light scale pan which cammies two blocks {0 and B, with block {2 on fop of block B, as shown in
Figure 3, The rmass of black (i 5 kg and the mass o block R s 10 kg The scale pan hangs at
rest amid the system is released from rest. By medelling the blocks as particles, ignoring air
resistance and assuming the motion is sninterrupial, find

(a] (i) the sceeleration of the scale pamn,

fih  the lension in the sinng.
i8)
th)  the magniude of the force exerted on block 0 by block &,
i3
(¢} the magninwde of the force exeried on the palley by the string
(%
{Todal 1& markd)

A fixed wedge has two plane faces, each mclined ar 307 to the: horizoneal. Two paricles 4 and
#, of mass 3 amd e respectively, ane attached o the ends of a gl isextensible sitng. Each
marticle meves oo one of the plane faces of the wedge. The string passes over a small smoath
light pulley fixed at the top of the wedge, The faee on which A moves is ameeth. The face an
wlhich & moves s reugh, Tl cocfTiclent of friction berween & and this face is g Particle A s
held at rest with the simng taot. The strimg Tes motbe same verbical plane as lmes of greatess
slbapse on each plars: face of the wedge, & shown in the figure shove,

The panscles are releasad foom pein snd st fo move. Paticle 4 moves dowmwands and 8
moves upwands. The secelarations of A and B cach have magaitnde Lo

(a) By conssdanng the mothn of 4, find, in o of m and g, the tonsson @ the string.

i3
(b} By comsdering the mobon of 8, find the value of u
13
{c) Find ihe recubtsm force exerted by the strns on the palley, giving s megnitsde and
iirecrion
3

(Todad 14 marks)
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P3kg) M2 kg

T

{15 m

] '1

The dingram above shiws twa particles P and £, of mass 5 kg and 2 kg respectively, connecied
by & light inextersible streng. Initially 55 hebd @1 net on a fxed smoath plane inclmed a 149w
the horizonial The string posacs over a small smosth lght pulley A fived attbe top of the plane,
The part of the atrirg Tom P oA os pacalle] wa lee of preatest slope of e plane. The panticle

£ hamgs freely belonw A, The system is relessed from rest with the siming 1w,

(m}  Wrike down an eguation of mation for P and an equation of motion for £,

(b1 Hence showw that the acceleration of (3 is 0.98 m s i

ik Find the vension in the siring,

(d)  ®ate where in pour caloulalzons you have wsed the information that the siong s
incxicnsible,

O release, £F is st a height of 08 moabove the pround. When (0 reaches the ground. it is brought
tin mest imromediabely by the impact with the groumd and does not rebawmd. The initial distance ol
P froma A is such that in the subseguent mation @ doess not resch A, Fird

(e} the speed of (2 as it reaches the pround,

N the ime between the mautam when (P rescbes e grouss) and e invias when s uring
Bggomes Lail agali

%

i Toisl Ié marksi

(4p

2y

[Zh

(1

4]
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A (4 kg

B3 kg)

"

e i i A i o i i i i

A particle 4 of mass d kg moves on the inclined face of a smooth wedge. This face is inclined ar
30¢ 1o the horizontal. The wedge 15 fixed on horizontal ground, Paricle A is connected ta a
particle &, of mass 3 kg, by a light inextensible string, The string passes over a small light
smooth pulley which is fixed at the top of the plane. The seetion of the sinng from A 1o the
pulley lies in  line of greatest slope of the wedge. The purticle 8 hangs freely below the pulley,
as shown in the diagram above. The system is released from rest with the string taat. For the
mation hefore 4 reaches the pulley and hefore & hits the ground, find

{a]  the tension in the string,

(6}
(b} the magnitude of the resultant foree exerted by the string on the pulley,
(3
(] The siring in this question is described as being “ligl”.
(1 Wirile down what you understand by this descriplion.
(uh  Seae how yvou have used the fact that the string is light in your answer to part (a)
(I}

(Taotal 11 marksj
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The diagram above shows bwo particles A and 8, of mass s ke and 804 kg respectively,
connected by o light inextensible string. Initially A is held at rest on a fixed smoath plane
inclined at 307 to the borizontal. The string passes over a small light smooth pulley P fixed at
the top of the plane. The section of the string from 4 10 s parllel 1o a line of grentest slope off
the plane. The paricle & hangs freely below P. The system is released from rest with the string
tant amd B descends with acoeleration .

(al  Write down an equation of moton for £,

ihy  Find the tension in the strng.

(c) Provethatmr = 3.

iy State where in the calculations you have used the information that 2 is a light smeaoth
mulley.

O release, B is at o height of one metre above the ground and AP = 1.4 m. The particle B
stiikes the ground amd does not rebound.

(2]  Calewlyie the speed of & as it reaches the ground.

i1l Show that 4 comes v rest as it reaches P

1)

12

14

i

2]

5

[ Todal 1 marks)


Hannah

Hannah


Statics; forces, friction, equilibrium

Two forces, (45— 5§ N and (G + gf) M. sel on a pariicle P of mass m kg The resultont of the
two forces 15 R Chiven that R acts in a dinsction whch is parallel o the vector (K- 2.

(#) find the angle between R and the vecior

in
(b} show that 2p+ g+ 3=10

i4)
(xiven also that o = 1 and that & moves with an scocleration of magnitde 853 m s .
(e} tind the value of m.

7

[ Twtal 14 marks)

PN

30°

A parcel of weight 10N lies on a rough plane inclined at an angle of 30° to the horizontal. A
horizontal force of magnitude P newtons acts on the parcel, as shown in the figure above. The
parcel is in equilibrium and on the point of slipping up the plane. The normal reaction of the
plane on the parcel is 18N. The coefficient of friction between the parcel and the plane is z.
Find

(a)  the value of P,

C))
(b)  the value of

)
The horizontal force is removed.
(c)  Determine whether or not the parcel moves.

&)

(Total 14 marks)
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Fig. 15 shows a uniform shelf AB of weight /N,
The shelf is 180 cm long and rests on supports at poinds G and D, Point & i 30 cm from A
and point D is B0 cm from B

side view
30cm € 60 cm _ 30cm D 60 cm i
A B
N
Fig. 15
Cetarrming tha range of postions a point [oad of 3 Woould be placed on the shelf 8]
without the shelf ipping.

A rod of length 2 m hangs vertically in equilbrium, Parallel honzontal forces of 30 Nand 50N
are appiied 1o the op and bottom and the rod B held in place by a horizontal force FN
appbed xm below tha top of the rod as shown in Fig. 7.

e
N *

(8) Find the value of F. 1]

(b} Find the value of x [2]
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Fia. ¥ shows & rectangular lamina ABCD with sides AB of length S0 cm and AD of lemgth 50

cm, The lamina is wing flat on & smooth horizontal sufacs, and i acted on by the foliowing

five horizontal forces.
& 45 M at Ain the direction BA
* A0 M at Oin the direction AL
& 2F M al Cin the drection BC
* VM at Ainthe direction D4,
« XN al E in a direction perpendicular 1o the adge BC

The lamina is in equilizrum. The distance BE is o'cm,

N
45N A 6l cm B
dcm
50¢cm
AN
E
D C
40N TN
Fig. 7
Calculats the valuas of sach of the lobowing.
. X
e
LI

A particle of weight 2 N rests on a smooth horizontal surface
and remains in equilibrium under the action of the two
external forces shown in the diagram. One is a horizontal force
of magnitude 1 N and the other is a force of magnitude PN

which acts at an angle 6 to the horizontal, where tan 6 = % Find:

a the value of P
b the normal reaction between the particle and the surface.

A particle of weight 20 N rests in equilibrium on a smooth

inclined plane. It is maintained in equilibrium by the

application of two external forces as shown in the diagram.

One of the forces is a horizontal force of 5N, the other is 5N
a force PN acting at an angle of 30° to the plane, as shown

in the diagram. Find the magnitude of the normal reaction

between the particle and the plane. (8 marks)

45°

(3 marks)
(2 marks)

PN

[4]
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A horizontal force of magnitude 20 N acts on a block of mass 20N
1.5 kg, which is in equilibrium resting on a rough plane

inclined at 30° to the horizontal. The line of action of the

force is in the same vertical plane as the line of greatest slope 30°

of the inclined plane.

a Find the normal reaction between the block and the plane. (4 marks)
b Find the magnitude and direction of the frictional force acting on the block. (3 marks)

¢ Hence find the minimum value of the coefficient of friction between the
block and the plane. (2 marks)
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